Let π : X → ∆ be a holomorphic family of compact complex manifolds over an open disk in C. If the fiber Xt := π −1 (t) for each nonzero t in an uncountable subset B of ∆ is Moishezon and the reference fiber X0 satisfies the local deformation invariance for Hodge number of type (0, 1) or admits a strongly Gauduchon metric introduced by D. Popovici, then X0 is still Moishezon. Our proof can be regarded as a new, algebraic proof of several results in this direction proposed and proved by Popovici in 2009, 2010 and 2013. However, our assumption with 0 not necessarily being a limit point of B is new. Our strategy of proof lies in constructing a global holomorphic line bundle over the total space of the holomorphic family.
Introduction
The deformation limit problem is central in deformation theory, with which the following longstanding conjecture is concerned. Throughout this paper, one considers the holomorphic family π : X → ∆ of compact complex manifolds over an open disk ∆ in C with the fiber X t := π −1 (t) for each t ∈ ∆.
In contrast to Popovici's approach which is analytic in nature (see Subsection 3.1 for a brief review), our approach is basically built on algebraic methods in the sense of Grauert [14, 2] . We use an uncountable subset B (with 0 ∈B allowed) for the assumed Moishezon conditions rather than the whole ∆ * as Popovici does, while the case 0 ∈B is implicit in [30, 31, 32] . To prove Theorem 1.4, we obtain an extension property of bigness in Corollary 4.3 to the effect that if a global holomorphic line bundle over the total space of the family is such that its restriction to any fiber of an uncountable subset in ∆ is big, then its restriction to any other fiber of the family is also big. Notice that the result [45, Examples 1 and 2] implies that 'uncountable' is an indispensable condition there. Moreover, Campana's counterexample in [7, Corollary 3.13] shows that the small deformation of a Moishezon manifold which is not of general type, is not necessarily Moishezon. Based on these, it is reasonable to propose: Question 1.5. Characterize those Moishezon manifolds which are still Moishezon after a small deformation.
Conjecture 1.6. If the fiber X t is Moishezon for each nonzero t in an uncountable subset of ∆, then X 0 is still Moishezon. Theorem 1.4 can be considered as a new understanding of Popovici's remarkable result on deformation limit of projective manifolds from a global and algebraic point of view by a construction of a global holomorphic line bundle over the total space: Corollary 1.7 ([32, Theorems 1.2, 1.4]). If for each t ∈ ∆ * , the fiber X t := π −1 (t) is projective and the reference fiber X 0 satisfies the local deformation invariance for Hodge number of type (0, 1) or admits a strongly Gauduchon metric, then X 0 is still Moishezon.
The work [36, Corollary 1.6] or the q = 1 case of [38, Theorem 1.4 . (2) ] shows that either the sGG condition on X 0 or the surjectivity of the natural mapping ι 0,1 BC,∂ from the (0, 1)-Bott-Chern cohomology group of X 0 to the Dolbeault one, guarantees that the (0, 1)-type Hodge numbers of X t are independent for small t. Notice that by [38, Remark 3.8] this surjectivity is equivalent to the sGG condition proposed by Popovici-Ugarte [34, 36] ; see also [36, Theorem 2.1.(iii) ]. Recall that the sGG condition for a complex manifold X means that every Gauduchon metric on X is automatically strongly Gauduchon.
After the completion of this paper, it came to our notice that another work [35] of Popovici just appeared in which he proposed a new approach to Conjecture 1.2. Notation 1.8. All compact complex manifolds in this paper are assumed to be connected unless mentioned otherwise and the letter t will always denote the parameter for the family of complex manifolds. The notation h i (Z, F ) denotes dim C H i (Z, F ) for a sheaf F of abelian groups over a complex space Z.
Preliminaries
2.1. Moishezon manifolds. To start with, we adopt the following standard terms. By a holomorphic family π : X → B of compact complex manifolds, we mean that π is a proper holomorphic surjective submersion between complex manifolds as in [20, Definition 2.8] .
We are mostly concerned with deformations of Moishezon manifolds. A nice reference on Moishezon manifolds is [25, Chapter 2] . We first give a geometric description of the Kodaira map. Let X be a compact connected complex manifold of dimension n and L a holomorphic line bundle over X. The space of holomorphic sections of L on X is finite-dimensional. Set the linear system associated to L = H 0 (X, L) as |L| = {Div(s) : s ∈ L}. The base point locus of the linear system |L| is given by Bl |L| = ∩ s∈L Div(s) = {x ∈ X : s(x) = 0, for all s ∈ L}.
Set d = dim C H 0 (X, L) and let G(d − 1, H 0 (X, L)) be the Grassmannian of hyperplanes of H 0 (X, L). The Kodaira map Φ L associated to L is defined by
Now consider L p := H 0 (X, L ⊗p ) and Φ p := Φ Lp . Set ̺ p = max{rk Φ p : x ∈ X \ Bl |Lp| } if L p = {0}, and ̺ p = −∞ otherwise. The Kodaira-Iitaka dimension of L is κ(L) = max{̺ p : p ∈ N + }. 
Consider a morphism of ringed spaces
If F is an O X -module, then the sheaves R q f * F admit naturally a structure of O Y -modules; in particular, if f is a morphism of complex spaces and F is an analytic sheaf on X, then R q f * F are analytic sheaves on Y .
Theorem 2.4 (Grauert's direct image theorem [14] or [2, §2 of Chapter III]). Let f : X → Y be a proper morphism of complex spaces and F a coherent analytic sheaf on X. Then for all q ≥ 0, the analytic sheaves R q f * F are coherent.
Such sheaves are coherent. Using Oka's theorem we get a converse: If a coherent sheaf F is free at x ∈ X, i.e., if the stalk F x is isomorphic to O p x , then F is locally free at x of rank p. In particular, the set of all points where F is free is open in X.
For a closer study, one introduces the rank function of an O X -coherent sheaf F. All C-vector spaceF
The rank function of a locally free sheaf is locally constant on a complex space X. Conversely, if X is reduced and a sheaf F is O X -coherent such that rk F x is locally constant on X, then F is a locally free sheaf on X.
The set S(F) of all points in X where a coherent sheaf F is not free is called the singular locus of F. Then: Proposition 7.17] ). The singular locus S(S), as defined precedingly, of any given O X -coherent sheaf S on a complex space X is analytic in X. If X is reduced, this set is thin in X.
Moreover, one has the important:
Theorem 2.6 ([15, Grauert's upper semi-continuity in §10. 5.4] ). Let f : X → Y be a holomorphic family of compact complex manifolds with connected complex manifolds X, Y and V a holomorphic vector bundle on X. Then for any integers i, d ≥ 0, the set
The topology in Y whose closed sets are all analytic sets is called the analytic Zariski topology. The statement of Theorem 2.6 means an upper semi-continuity of h i (X y , V | Xy ) with respect to this analytic Zariski topology.
Deformation limit of projective manifolds: Hodge number
As a warmup for the proof of Theorem 1.4, we present a weaker version: Theorem 3.1 with two proofs given in the following two subsections. Theorem 3.1. With the additional assumption that h 0,2 (t) = h 0,2 (0) for the (0, 2)-Hodge numbers as t is close to 0, Conjecture 1.1 holds true.
Note that Theorem 3.1 directly follows from [32, Theorem 1.2] (or just Corollary 1.7 above) since the deformation invariance for the (0, 2)-Hodge number implies that for the (0, 1)-Hodge number by Kodaira-Spencer's squeeze [21, Theorem 13] . As a corollary of Theorem 3.1 for the surface case, one obtains: Corollary 1.3] ). Let π : X → ∆ be a holomorphic family of compact complex surfaces such that the fiber X t := π −1 (t) is projective for each t ∈ ∆ * = ∆ \ {0}. Then the reference fiber X 0 := π −1 (0) is also projective.
Proof. Here we follow an argument inspired by Popovici [32] . In fact, the Frölicher spectral sequence of any compact complex surface degenerates at E 1 as shown in [4, (2.8) Theorem of Chapter IV] and thus all the Hodge numbers are locally constant for a family of compact complex surfaces as shown in [47, Proposition 9.20] . See also a power series proof in [38, Corollary 3.24] . Therefore, the reference surface fiber X 0 is Moishezon by Theorem 3.1. Moreover, the first Betti number of X 0 is even since the Betti numbers of the fibers are always constant and the fiber X t := π −1 (t) is projective for each t ∈ ∆ * . By Kodaira's classification of surfaces and Siu's result [41] for K3 surfaces (or [6, 22] for a uniform treatment), every compact complex surface with even first Betti number is Kähler. Thus, the limit surface X 0 is projective since it is both Moishezon and Kähler [26] .
We will use the Leray spectral sequence to obtain an isomorphism
for any i ∈ Z.
Theorem 3.3. Let X, Y be topological spaces, f : X → Y a continuous map and S a sheaf of abelian groups on X. Then there exists the Leray spectral sequence (E r ) such that
Proof. This just follows from [12, (13.8) Theorem and (10.12) Special case of Chapter IV].
3.1.
Popovici's current-theoretic approach. Let us sketch Popovici's approach for Conjecture 1.1 to prove Theorem 3.1, which indeed inspires us mostly. Most of this subsection is extracted from [32] and we don't claim any originality here. It is well-known in deformation theory of complex structures [13, 20, 27] that the family of the fibers X t is C ∞ -diffeomorphic to a fixed compact differentiable manifold X but equipped with a family of complex structures J t , t ∈ ∆, varying holomorphically with t. In particular, the de Rham cohomology groups H k (X t , C) for each k of the fibers are identified with a fixed element of H k (X, C), while the Dolbeault cohomology groups H p,q (X t , C) for each p, q may nontrivially depend on t ∈ ∆. Lemma 3.4 ([32, Remark 2.1]). With the setting of Conjecture 1.1, there exists a non-zero integral de Rham cohomology 2-class c ∈ H 2 (X, Z) such that for every t ∈ ∆ * , c can be represented by a 2-form which is of J t -type (1, 1) . Moreover, c can be chosen in such a way that for every t 0 ∈ ∆ \ Σ, c is the first Chern class of some ample line bundle
Proof. Consider any class c ∈ H 2 (X, R) and denote by Z c the set of points t ∈ ∆ * such that c can be represented by a J t -type (1, 1)-form. For every t ∈ ∆ * , there holds a Hodge decomposition
with Hodge symmetry H 2,0 (X t , C) = H 0,2 (X t , C) since X t is projective. Thus, c ∈ H 2 (X, R) contains a J t -type (1, 1)-form if and only if its projection onto H 0,2 (X t , C) vanishes. Since the function
is locally constant by the projectiveness of X t for t ∈ ∆ * by [47, Proposition 9.20] (ii) of Chapter III] (or just Lemma 4.9 below) and hence can be identified as a holomorphic vector bundle there. Thus, one sees that Z c is the zero set of the holomorphic section s c ∈ Γ(∆ * , R 2 π * O X ) induced by c (identified with a section of R 2 π * R) and followed by R 2 π * R → R 2 π * O X . Thus Z c is an analytic subset of ∆ * .
By using the projectiveness of X t for t ∈ ∆ * , one sees
where the union is countable and taken over all the integral classes c ∈ H 2 (X, Z) with c being the first Chern class of an ample line bundle on some fiber X t 0 , t 0 = 0; clearly t 0 ∈ Z c . Notice that a countable union of proper analytic subsets is Lebesgue negligible. So there should be some c ∈ H 2 (X, Z) in the union satisfying Z c = ∆ * . To conclude the proof, one uses the standard fact that the ampleness condition is open with respect to the countable analytic Zariski topology of ∆ * , which follows from the Nakai-Moishezon criterion for ampleness and the Barlet theory of cycle spaces.
Consider a smooth family {dV t } t∈∆ of smooth (positive) volume forms on X t normalized by Xt dV t = 1. For each t ∈ ∆ \ Σ, applying Yau's theorem [49] to the class c in Lemma 3.4 viewed as a Kähler class on X t , one obtains a smooth 2-form ω t ∈ c, which is a Kähler form with respect to the complex structure J t such that
Let's divide the proof of Theorem 3.1 into two steps. The first step is to show that under the deformation invariance of the (0, 2)-Hodge numbers h 0,2 (X t ) on all t ∈ ∆, the family {ω t } t∈∆\Σ of Kähler forms is uniformly bounded in mass in the sense that, for some constant
where {g t } t∈∆ is a smooth family of Gauduchon metrics after possibly shrinking ∆ about 0.
In fact, chooseω as any d-closed real 2-form on X in the de Rham class c. There exists a smooth real 1-form β t on X t such that for every t ∈ ∆ \ Σ, on X t , (3.2) ω t = i * tω + d t β t where i t : X t → X and d t operates along X t . Then the mass of ω t splits as
The first term in the right-hand side of (3.3) is bounded as t varies in a neighborhood of 0 since {g t } t∈∆ is a smooth family and i * tω can be viewed as a smooth family in a neighborhood of 0. So one needs only to estimate the second term in the right-hand side of (3.3).
Notice that for every t ∈ ∆ \ Σ, the solution β t is not unique and any other choice is of the type:
which implies that the mass of ω t with respect to g n−1 t in (3.3) is independent of the choice of β t . We choose explicitly β 0,1 t = −∂ * t G tω 0,2 t , whereω 0,2 t is the (0, 2)-part of i * tω with respect to the complex structure J t and G t denotes the associated Green's operator to the∂ t -Laplacian t . The verification of the above choice is not difficult and can be made by using the fact that from (3.2), theω 0,2 t is a trivial class or equivalently, its harmonic component (t-dependent a priori) is zero. Under the deformation invariance of the (0, 2)-Hodge numbers h 0,2 (X t ) for t ∈ ∆, the family {G t } t∈∆ of Green's operators depends smoothly on t ∈ ∆ by the fundamental result of Kodaira and Spencer [21, Theorem 7] . So the second term in the right-hand side of (3.3)
is bounded as t varies in a neighborhood of 0. This proves the uniform boundedness in mass, as desired.
We come now to the second step, that is, to produce a closed positive (1, 1)-current on X 0 satisfying the following properties in Theorem 3.5 to complete the proof of Theorem 3.1:
. Let X be a compact complex n-dimensional manifold. If there exists a d-closed (1, 1)-current T on X whose de Rham cohomology class is integral and which satisfies
then the cohomology class of T contains a Kähler current and thus X is Moishezon. Here T ac is the absolutely continuous part of T .
In fact, the uniform mass-boundedness property in the first step yields a weakly convergent subsequence ω t k → T with ∆ \ Σ ∋ t k → 0 as k → +∞. The limit current T ≥ 0 of type (1, 1) with respect to the limit complex structure J 0 of X 0 is d-closed and lie in the de Rham class c. The semi-continuity property for the top power of the absolutely continuous part in (1, 1)-currents shows for almost every x ∈ X 0
which is just the desired (ii) in Theorem 3.5.
3.2.
Upper semi-continuity approach. As a second proof for Theorem 3.1, we will modify the Lebesgue negligibility argument in Lemma 3.4 to get a global holomorphic line bundle on the total space X, and then use Kodaira-Spencer's upper semi-continuity theorem and Demailly's effective ampleness to yield a big line bundle on X 0 . The main difference between the following lemma and Lemma 3.4 lies in the existence of a global line bundle on X proved here. Lemma 3.6. With the setting of Theorem 3.1, there exists a global holomorphic line bundle L on the total space X such that for every t ∈ ∆ \ Σ,
Proof. Although the arguments are for the most part similar to Lemma 3.4, for the sake of clarity we sketch the main points here. Consider an ample line bundle L t 0 on X t 0 with some t 0 ∈ ∆ * and its first Chern class c := c 1 (L t 0 ) ∈ H 2 (X, Z). This time, we will use the exact sequence
By the similar argument and notations as in Lemma 3.4 using however our assumption on the deformation invariance of h 0,2 (X t ) over the whole ∆, we reach an analytic subset Z c , the zero set in ∆ of the holomorphic section s c ∈ Γ(∆, R 2 π * O X ) induced by c. Now on ∆ * , by the projectiveness of X t one has c Z c ⊇ ∆ * with the union taken over all the integral classes c ∈ H 2 (X, Z) satisfying that c = c 1 (H t ) for some ample line bundle H t on X t , t = 0. Since a countable union of proper analytic subsets is Lebesgue negligible, there should be somec ∈ Γ(∆, R 2 π * Z) induced by some ample line bundle Lt 0 on Xt 0 with somet 0 ∈ ∆ * in the union satisfying Zc ⊇ ∆ * . This gives Z c = ∆ since Z c is analytic in ∆. (Heret 0 could be different from t 0 in the beginning.) That is, sc, ∈ Γ(∆, R 2 π * O X ), ≡ 0. By using the identification preceding Theorem 3.3 and the long exact sequence above, this implies thatc is the image of some element in H 1 (X, O * X ). This element is the desired global holomorphic line bundle L on the total space X because its restriction L| Xt 0 to Xt 0 admits the first Chern classc and thus L| Xt 0 is ample by Nakai-Moishezon criterion. The remaining reasoning can be repeated as in the last paragraph of Lemma 3.4.
Remark 3.7. Notice that the restriction L| Xt 0 to Xt 0 of the global holomorphic line bundle L on the total space X is not necessarily equal to Lt 0 (in the middle of the proof) although they have the same c 1 . Nevertheless, by the argument in [48, Lemma 2.1], one can construct a new global holomorphic line bundle L ′ on the total space X such that its restriction L ′ | Xt 0 to Xt 0 is just Lt 0 by using the commutative diagram of long exact sequences (3.5)
Note that the condition on the deformation invariance of h 0,1 as required in [48] is implied by that of ours on h 0,2 (see remarks after Theorem 3.1).
We are ready to finish our second proof after invoking the following two theorems. 
The other result is on the effective very ampleness. Here and henceforth, let K M denote the canonical line bundle of the complex manifold M . Theorem 3.9 ([11, Corollary 2] and also [43] ). If L is an ample line bundle over an ndimensional projective manifold X, then K ⊗2 X ⊗ L ⊗k is very ample for k > 2C(n) := 4C n n n with C n < 3 depending only on n.
It is obvious that for some fixed k > C(n), Theorem 3.9 implies that K X ⊗ L ⊗k is ample and thus Kodaira vanishing theorem gives
So asymptotic Riemann-Roch Theorem 3.8 gives
Back to the proof of Theorem 3.1, let's recall the line bundle L on X constructed in Lemma 3.6. By Kodaira-Spencer's upper semi-continuity [21, Theorem 4] , one has
for any small t ∈ ∆ in a neighbourhood of 0 and thus
for any small t ∈ ∆\Σ in a neighbourhood of 0 since then L t is ample. Thus, by (2.2), K X 0 ⊗L ⊗k 0 is a big line bundle bundle on X 0 and so X 0 is Moishezon. This completes our second proof of Theorem 3.1.
Remark 3.10. Demailly's effective very ampleness in Theorem 3.9 is crucial in this proof. For, we need a t-independent bound for k, with K Xt ⊗ L ⊗k t ample, such that in the upper semicontinuity as m → +∞ for which t possibly becomes smaller, the first inequality in (3.7) can still hold.
Proof of Main Theorem 1.4
The basic idea is to construct a global holomorphic line bundle over the total space by use of torsion and Bishop extension in Proposition 4.14 and Theorem 4.22, respectively, and then use the extension of bigness done in Corollary 4.3 to conclude that the restriction of the constructed global holomorphic line bundle to any fiber is big.
4.1.
Deformation density of Kodaira-Iitaka dimension. We first describe the deformation behavior of Kodaira-Iitaka dimension. Throughout this subsection, we consider the holomorphic Proof. The case κ = −∞ is trivial and so one assumes that κ ≥ 0. For any two positive integers p, q, set
By the upper semi-continuity Theorem 2.6, it is known that T p,q (L) is a proper analytic subset of Y or equal to Y . From the assumption that κ(L t ) = κ for each t ∈ B and Theorem 2.1, it holds that
despite that the d in Theorem 2.1 is not necessarily one here. Then since a proper analytic subset of a one-dimensional manifold is at most countable, there exists some analytic subset in the union, denoted by T P,Q (L), such that T P,Q (L) ⊇ B and so T P,
Now take H = L ⊗P and thus for any t ∈ Y ,
For any two positive integers p, q, we write
and similarly for T p+1,q (H), T p+2,q (H), · · · . By the upper semi-continuity again S p,q is a proper analytic subset of Y or equal to Y ([12, (5.5) Theorem of Chapter II]). From the assumption that κ(H t ) = κ(L t ) = κ for each t ∈ B and Theorem 2.1 with d = 1, one sees that
Here a proper analytic subset is at most countable, hence there exists some analytic subset in the union, denoted by S I,J , such that S I,J ⊇ B and so S I,J = Y . That is, for any t ∈ Y , there hold for all i ≥ I, 
We first prove Proposition 4.1 by [24, Theorem on Page 77]. If not, there exists some L t , whose Kodaira-Iitaka dimension κ(L t ) < κ. Then, by their notations, the B in Proposition 4.1 must lie outside W . Now, their theorem tells us that Y \ W is only a countable union of analytic subsets of Y , which is again a countable set, denoted by E. Since E contains B as just mentioned and B is assumed to be uncountable, a contradiction follows.
Next we prove the converse. One takes ℓ as min t∈Y κ(L t ) and writes ℓ = −1 for the moment if ℓ = −∞. First suppose that Y is of dimension one. Define T p,q (L) similarly (by setting κ there to be ℓ here) and use Y in place of B to reach H. So the set
where S p,q = S p,q (H) is the set according to (4.1) with κ replaced by ℓ + 1, is just the desired countable union of proper closed subvarieties in [24, Theorem on Page 77]. Note that if we avoid H and define S p,q = S p,q (L), then the above equality becomes only a reverse inclusion (⊃) in view of Theorem 2.1. Note also that this part of argument remains valid and applicable to Y of higher dimensions. The converse is proved.
As a direct application of Proposition 4.1, one has the extension property of bigness: Corollary 4.3. Let π : X → Y be a holomorphic family of compact complex n-dimensional manifolds. Assume that there exists a holomorphic line bundle L on X such that for each t in an uncountable set B of Y , L t := L| Xt is big. Then for each t ∈ Y , L t is also big and thus X t is Moishezon. Without loss of generality, one assumes p 0 = 1 since κ(L ⊗q ) = κ(L) for a line bundle L and any positive integer q. So there exists some β > 0 such that for all sufficiently large integer p,
For the p as above, set
which is obviously a proper analytic subset of Y . Let V = Y \ p V p . Then for any t ∈ V , there holds h 0 (X t , K ⊗p Xt ) < βp κ 0 , which implies κ t ≤ κ 0 . For global line bundles other than canonical line bundles, the similar argument and conclusion hold. 
Proof. In the algebraic category this is standard, cf. Here the subsheaf H 0 A F of F is formed by the sections whose support is in A. Accordingly, s is a section of H 0 {0} R 2 π * O X and since t generates I(A), there exists some m > 0 such that, after possibly shrinking Y ,
Conversely, if s 0 ∈ T (R 2 π * O X ) 0 , then it follows that there exists some m > 0 such that
By the local freeness of R 2 π * O X and t m = 0 both on Y * , we obtain 0 = s| Y * ∈ Γ(Y * , R 2 π * O X ), as to be proved. Indeed, the germs s t lies in the stalk (R 2 π * O X ) t and if t is nonzero, (R 2 π * O X ) t is a free O t -module by the local freeness of R 2 π * O X over Y * . Since O t has no zero-divisor, t m ·s = 0 on Y * yields the vanishing of s t for all t ∈ Y * . For the last statement, it follows from the first part that the germs s y = 0 for all y ∈ Y , giving s ≡ 0.
Here we need a simple result from commutative algebra: (i) The canonical morphisms
where m y is the maximal ideal of O Y,y or the natural ideal-sheaf given by this andm y is the ideal-sheaf of O X generated by the inverse image of m y .
As a corollary of Lemma 4.7, one gets the exactness criterion: 
One says that F is cohomologically flat in dimension q at the point y if the equivalent conditions of the criterion in 
is locally constant. Conversely, if this function is locally constant and Y is a reduced space, then F is cohomologically flat in dimension q over Y ; in particular, the sheaf R q f * (F) is locally free. Proof. Remark that this type of results should be known to experts, such as [44] in a different context. As it is crucial to our purpose here, we prefer to give a complete proof.
Based on the above, one obtains:
The 'if' part can be proved by the long exact sequence
induced by the short exact sequence
First note that by using Lemma 2.3
Now suppose that the Hodge number h 1 (X y , O Xy ) is not constant. We are easily reduced to the situation where the Hodge number h 1 (X y , O Xy ) is constant around a punctured small connected neighborhood of some point P ∈ Y and jumps at this point P by Lemma 4.9 and Proposition 2.5. Set this point P as 0, and write U for this small neighborhood and X still for π −1 (U ). By using the first part of Lemma 4.9 and (b) of Corollary 4.8, the preceding jumping property of h 0,1 enables us to choose an element e ∈ H 1 (X 0 , O X 0 ) not belonging to the image of the map γ in the long exact sequence (4.3). Then δ(e) is nonzero in R 2 π * (tO X ) by the exactness of the long exact sequence (4.3). Since the Hodge number h 1 (X y , O Xy ) is constant over U * := U \ {0}, R 1 π * (O X ) is thus locally free over U * giving that γ in (4.3) is surjective outside t = 0 by using Corollary 4.10. This gives in turn δ(e) = 0 outside t = 0 by the long exact sequence (4.3) again. Next we check that δ(e) will give rise to a nontrivial torsion element of R 2 π * O X . Obviously, the map ı in (4.3) induces an isomorphism outside t = 0:
Observe next that the map ı divided by t, denoted by  = ı/t, induces an isomorphism over U
Recall that 0 = δ(e) ∈ R 2 π * (tO X ) as just indicated. Thus j(δ(e)) = 0. However j(δ(e)) = 0 outside t = 0 since δ(e) = 0 outside t = 0. We now see that (δ(e)) is a torsion element, as desired, by Proposition 4.5 after possibly shrinking U so that R 2 π * O X is also locally free on U * .
The 'only if' part is a special case of [15, Proposition in §10.5.5]: If h i (X y , V | Xy ) with a holomorphic vector bundle V on X is independent of y ∈ Y , then the sheaf R i+1 f * V is torsion free. Alternatively, one can prove this in a way similar to the 'if' part by the long exact sequence for some positive integer m
associated with the short exact sequence
and by Grauert's base change theorem. To start with, suppose that R 2 π * O X is not torsion free, say T (R 2 π * O X ) p = 0 at some p, and that R 2 π * O X is locally free on V * = V \ {p} for some neighborhood V of p. After possibly shrinking V , pick an s ∈ Γ(V, R 2 π * O X ) with 0 = s p ∈ T (R 2 π * O X ) p . Set this p as 0. One sees (cf. Proposition 4.5) that there exists an integer m > 0 such that
We first assume m = 1 in (4.5) and work over (4.4) with m = 1. Clearly t · s defines a section of R 2 π * (tO X ). We claim that t · s is a nonzero section of R 2 π * (tO X ). Recall the isomorphism  : R 2 π * (tO X ) ∼ = R 2 π * O X induced from tO X → O X and division by t. One has (t · s) = s and since 0 = s ∈ Γ(V, R 2 π * O X ) by construction, giving j(t · s) = 0 hence t · s = 0 in R 2 π * (tO X ) as claimed. Moreover, by ı : R 2 π * (tO X ) → R 2 π * O X in the long exact sequence (4.3), one has ı(t · s) = t · s ∈ Γ(V, R 2 π * O X ) which is zero by (4.5) for m = 1. This means that ker ı is nontrivial. We are ready to show that the Hodge number h 1 (X y , O Xy ) cannot be independent of y ∈ V , giving the conclusion of the 'only if' part for m = 1. Suppose otherwise. Then the base change theorem in Corollary 4.10 implies that in the long exact sequence (4.4), the map γ m=1 is a surjection hence that ker ı is trivial. This contradicts the preceding assertion that ker ı is nontrivial. We have now shown that h 1 (X y , O Xy ) cannot be constant in y as desired.
We can deal with the general case m > 1 similarly. The key is to replace t by t m throughout the preceding paragraph and use the base change theorem for m > 1 in Proof. Notice that M is a general complex manifold without the Kählerian condition. For the reader's convenience, we present a proof here.
For As for the Dolbeault isomorphism,∂
where ψ · is split as the types ψ 0,1 · + ψ 1,0 · . Then the associated Dolbeault representative ϕ to i * (c C ) is ϕ =∂ψ 0,1 k =∂ψ 0,1 j = ψ 0,2 , where ψ 0,2 is the (0, 2)-part of ψ. Actually, one obtains the commutative diagram (4.6)
where the projection π 0,2 is defined on the form level and well-defined on the cohomology level. Since the associated de Rham representative of the class c C is of type (1, 1) , then π 0,2 [ψ] = [ψ 0,2 ] = 0 and thus i * (c C ) = 0. This completes the proof by the first line of the commutative diagram (4.6).
Proposition 4.14. Let π : X → ∆ be a holomorphic family of compact complex manifolds. Let B be an uncountable subset of ∆ and for each t of B, the fiber X t is equipped with a line bundle L t . Assume that the deformation invariance of Hodge numbers h 0,1 (X t ) is valid on t ∈ ∆. Then there exists a (global) line bundle L over X such that L| Xs = L s for some s of B.
Proof. The union of c 1 (L t ) in H 2 (X, Z) is countable, but B is uncountable. So there exists some uncountable subset S of B such that if s ∈ S, then c 1 (L s ) is the same one in H 2 (X, Z), which we denote by the common c. Let h be the rank of R 2 π * O X at the generic point of ∆. By Proposition 2.5, R 2 π * O X can be identified with a vector bundle of rank h on some U of ∆ with ∆ \ U being a proper analytic subset of ∆ which is a discrete subset of ∆. It follows that the intersectionŜ := S ∩ U remains uncountable.
For any s ofŜ ⊆ S, consider the commutative diagram
We claim i(c) = 0 in , and the section i(c) is a holomorphic section of this vector bundle. Now that the holomorphic section i(c) has zeros on S by using the Lefschetz as just noted, and thatŜ is uncountable, one concludes with Lemma 4.15 below that i(c) ≡ 0 ∈ H 2 (X U , O X ), proving our claim above. Fix any p of ∆\U . We shall prove that the preceding assertion i(c) = 0 on U yields i(c) = 0 on a neighborhood V p of p. But this claim follows immediately if one applies Propositions 4.12 and 4.5 to a neighborhood V p of p by using the deformation invariance of Hodge numbers h 0,1 (X t ) for all t ∈ ∆ (noting that ∆ \ U is a discrete subset of ∆).
Combining these, we can conclude i(c) = 0 in Γ(∆, R 2 π * O X ). By Γ(∆, R 2 π * O X ) ∼ = H 2 (X U , O X ) again, one sees that by the long exact sequence in the diagram above, c can be the first Chern class of a global line bundle L on X. That is, L| Xs and L s have the same first Chern class c for any s ofŜ. Fix any s 0 of S. By the same argument as in Remark 3.7 due to Wehler, we can modify the global line bundle L so that L| Xs 0 = L s 0 as line bundles on X s 0 . This proves the proposition.
The following well-known fact in complex analysis of one variable is used above: Lemma 4.15. Let E be a holomorphic vector bundle over a one dimensional (connected) complex manifold M and s a holomorphic section of E on M . If s has uncountably many zeros, then s is identically zero. Now, we shall improve the above result by the following: Proposition 4.16. Let M be a compact complex manifold with two holomorphic line bundles L 1 and L 2 with c 1 (L 1 ) = c 1 (L 2 ). Suppose that L 1 is big. Then L 2 is big too.
Proof. First we note the following characterization of a big line bundle L 1 over a compact complex manifold M : L 1 is big if and only if L 1 admits a singular Hermitian metric h such that the curvature current Θ L 1 ,h is strictly positive, namely, Θ L 1 ,h ≥ ω in the sense of current for a smooth strictly positive (1, 1)-form ω on M . The proof of this characterization can be found in [10, Proposition 4.2] for M being Kähler and in [19, Theorem 4.6] for general M .
For our purpose, let us first assume that M is a ∂∂-manifold. As L 2 = L 1 ⊗G for G := L 2 ⊗L * 1 with c 1 (G) = 0, the ∂∂-lemma of M gives rise to a smooth hermitian metric g on G with its Chern curvature Θ G,g = 0 (cf. [50, §9.1]). From this g together with the above characterization for bigness, Proposition 4.16 follows easily. For the general case, by Lemma 2.2 our M is Moishezon since M admits a big line bundle L 1 . Moreover, any Moishezon manifold satisfies the ∂∂-lemma (cf. [28] or [8, Theorem 5.22] ). Hence our proposition follows from this and the preceding paragraph for the ∂∂-case. Alternatively one can see this as follows. There exists a (finite sequence of) blow-up(s) f : N → M along smooth center(s) with N being a projective manifold. It is true that L 1 is big on M if and only if f * L 1 is big on N , which follows from [46, Theorem 5.13] (for the condition needed there we may assume that kL 1 is Cartier for a large and fixed k) or from [37, Corollary 6.13] . Now N is obviously a ∂∂-manifold. As c 1 (f * L 1 ) = c 1 (f * L 2 ), it follows that f * L 2 is big on N . Thus L 2 is big on M . The proof of Proposition 4.16 is completed.
We can now apply Propositions 4.14 and 4.16 to Conjecture 1.2:
Theorem 4.17. Let B be an uncountable subset of ∆. If the fiber X t := π −1 (t) for each t ∈ B is Moishezon and the deformation invariance of Hodge numbers h 0,1 (X t ) holds for all t ∈ ∆, then X t is Moishezon for each t ∈ ∆.
Proof. Suppose that the Moishezon fiber X t := π −1 (t) for each t ∈ B admits a big line bundle L t . Actually we have obtained a line bundle L on X such that c 1 (L| Xt ) = c = c 1 (L t ) for each t ∈Ŝ ⊆ B in (the last paragraph of the proof of) Proposition 4.14 according to notations therein. With Proposition 4.16, we can avoid the use of Remark 3.7 (due to Wehler) and reach better results. That is, for each t ∈Ŝ ⊆ B, L| Xt is big since L t is assumed to be big on X t . Now we are entitled to use Corollary 4.3 sinceŜ is uncountable and L is a global line bundle on X. It follows the conclusion that all the fibers X t are Moishezon, as to be proved.
4.3.
Existence of line bundle over total space: strongly Gauduchon metric. Recall that Popovici introduced the following notion: . Let X be a compact complex n-dimensional manifold. A smooth positive-definite (1, 1)-form g on X will be said to be a strongly Gauduchon metric if the (n, n − 1)-form ∂g n−1 is∂-exact on X. If X carries such a metric, X will be said to be a strongly Gauduchon manifold.
A nice deformation property of strongly Gauduchon manifold is: Proof. This result is implicit in the proof of [32, Proposition 4.5] . As shown in [32, Proposition 4.2] , the existence of a strongly Gauduchon metric on a complex n-dimensional manifold M is equivalent to the condition that there exists a real smooth d-closed (2n − 2)-form Ω on M with its (n − 1, n − 1)-type component Ω n−1,n−1 > 0 with respect to the complex structure on M . Now we come to the family (X, J t ) t∈∆ of complex manifolds with a fixed differentiable manifold X. We see that the (n − 1, n − 1)-type components of Ω with respect to the complex structure J t vary smoothly in t ∈ ∆ as the complex structures (J t ) t∈∆ do. So one still has Ω n−1,n−1 t > 0 on (X, J t ) after possibly shrinking ∆ about 0. Then Michelsohn's procedure on extracting the root of order n − 1 for Ω n−1,n−1 t > 0 gives a smooth family {g t } t∈∆ of strongly Gauduchon metrics by [32, Proposition 4.2] again. Thus, ∂ t g n−1 t = −∂ t Ω n,n−2 t for any t ∈ ∆.
The Bishop extension theorem plays an important role in this subsection. 
We are now in a position to turn to the main part of this subsection. To prove (i) that this line bundle L satisfies the bigness on X s for s ∈Ŝ, we just apply Proposition 4.16 to each X s for s inŜ with the two line bundles L| Xs and L s because both have the same c 1 (= c).
The term (ii) is just given by (i) together with the proof of Proposition 4.1 applied to U .
Theorem 4.22. Let B be an uncountable subset of ∆. If the fiber X t := π −1 (t) is Moishezon for each t ∈ B and each fiber X t for t ∈ ∆ \ B admits a strongly Gauduchon metric as in Definition 4.18, then any X t for t ∈ ∆ is Moishezon.
Proof. The strategy of our proof is first of all to construct a divisor on an open part of X, then we resort to the Bishop extension theorem by showing the boundedness of its volume. The extended divisor so obtained shall give us the desired line bundle on X. We then conclude the proof by using Corollary 4.3. To start with, we will use Lemma 4.21 with the same notations; by the estimate in (ii) of Lemma 4.21, we assume without loss of generality that h 0 (X t , L) is nonzero for any t of U . Write W = ∆ \ U . Fix a point p of W with a small neighborhood V p .
Since W is a proper analytic subset of ∆ and in particular, a discrete subset of ∆,
The main task now is to prove the crucial claim:
(4.7) L on the family over V * can now be extended to the family over V p .
As p ∈ W is arbitrary, it follows that L can be extended to the whole ∆.
Here we work over V p and by restriction L is a line bundle over X V * . Recall that π * L is nontrivial as h 0 (X t , L) = 0 just assumed. We first assume that π * L is a vector bundle over V * . The general case will be reduced to this special case. There exists a global nontrivial holomorphic section s of π * L over V * since V * is Stein (cf. [16, Corollary 5.6.3] ). We are going to use s to construct a divisor. If s has no zero, since s(t) is identified with a nontrivial section of L over X t for each t of V * , we may set D t to be the divisor in X t defined by the section s(t). Let T t := [D t ] be the d-closed currents in X t defined by the divisors D t . Suppose that ω is a smooth 2-form on X in
means the de Rham cohomology group in the sense of current and the second isomorphism is induced by the embedding i t : X t → X. We choose now ω = c 1 (L). So
and thus ω t := i * t ω = T t + d t β t where β t is some real 1-form on X t (in the sense of current). Hence, by the proof of Lemma 4.19, the above boundedness of 
If s has zeros, write Z for the zeros of s, which is a discrete subset of V * . Fix a z = p of Z and assume s is of order m > 0 at z. By considering s ′ := s (t−z) m , we see that s ′ is a well-defined local section of π * L around z without zeros. Thus we can define D t for t around z (including t = z) as done previously by using s ′ , which coincides with the family defined by s for all t different from z. One sees that by taking the union of these families just constructed (for each p ∈ Z), one reaches a family {D t } t∈V * as needed for the preceding Bishop extension argument to work through. Thus we have achieved again the extension of L over X Vp , and in turn on the whole X as aforementioned.
For the general case, π * L is only a coherent analytic sheaf on V * , while π * L is a vector bundle over an open subset V ′ of V * with W ′ := V * \ V ′ being a proper analytic subset of V * by Proposition 2.5. We can first apply the above bundle case to get a family {D t } t∈V ′ with each D t giving c 1 (L) via the identification H 2 (X t , Z) = H 2 (X, Z). For a q, = p, of W ′ which is a discrete subset of V * , the argument as above using the Bishop extension Theorem 4.20 gives an extension of the above family {D t } t∈V ′ across q, and thus a family over V * since we can do this for each q, = p, of W ′ . By the same argument again, we can finally reach an extension across p, namely a family {D t } t∈Vp . We remark that one is not able to do the extension over W ′ ∪ {p} at one stroke. For, W ′ ∪ {p} is not necessarily an analytic subset of V p and the condition needed in the Bishop extension Theorem 4.20 is not necessarily fulfilled in this case. Our claim (4.7) is completed.
Now that the line bundle L in the beginning of this proof possessing the property that L| Xt is big for any t in an uncountable subset of U by (i) of Lemma 4.21, has been extended over the whole X. By using Corollary 4.3 we conclude the proof of the theorem. Theorem 4.23. Let B be an uncountable subset of ∆. Suppose that the fiber X t := π −1 (t) is Moishezon for each t ∈ B and the reference fiber X 0 admits a strongly Gauduchon metric as in Definition 4.18. Then there exists an ǫ > 0 such that X t is Moishezon for each t with |t| < ǫ. In particular, X 0 is Moishezon.
Proof. Lemma 4.19 implies that there exists a small disk D ǫ ⊆ ∆ of t = 0, such that X t is strongly Gauduchon for each t ∈ D ǫ . With the notations in Theorem 4.22, letV be the open subset of U on which π * L is locally free (so thatV ∩ V * = V ′ in the last part of the preceding proof). We consider the union ofV and D ǫ , denoted by ∆ ′ . One sees that ∆ ′ is an open subset of ∆ and is still connected. We apply the preceding proof of Theorem 4.22 to ∆ ′ in place of ∆. In fact, the part of argument that involves the Bishop extension theorem applies only to ∆ ǫ since L is already defined on XV . Despite this, the inclusion ofV in ∆ ′ is necessary because the uncountable subset, denoted byŜ, such that L| Xs is big for any s ∈Ŝ is not known to be contained in ∆ ǫ a priori. With all of this said, we can get a global line bundle L on π −1 (∆ ′ ) such that L| Xt is big for any t ofŜ ∩ ∆ ′ , which is non-empty and uncountable. Then the proof of the theorem is completed by Corollary 4.3 again (applied to Y = ∆ ′ here). A compact complex manifold is called semi-positive Moishezon if there exists a hermitian holomorphic line bundle on this manifold, whose curvature is semi-positive everywhere and strictly positive at one point. By Siu's criterion [42] , this manifold is Moishezon.
Let E be a holomorphic vector bundle of rank r and L a holomorphic line bundle on a compact complex manifold X of dimension n. If L is equipped with a smooth metric h of Chern curvature form Θ L,h , we define the q-index set of L to be the open subset X(L, h, q) = x ∈ X : √ −1Θ L,h has q negative eigenvalues and n − q positive eigenvalues for 0 ≤ q ≤ n. We also introduce X(L, h, ≤ q) = 0≤j≤q X(L, h, j).
Theorem 4.25 ([9] ). With the above setting, the cohomology groups H q (X, E ⊗ L ⊗k ) satisfy the asymptotic inequalities as k → +∞:
(2) (Strong Morse inequality)
Using the strong Morse inequality with q = 1, Demailly obtained: Under this type of integration conditions and assumptions on fibers X t for all t ∈ ∆ * , the proof for the deformation limit problem can be somewhat simplified: Suppose the reference fiber X 0 satisfies the local deformation invariance for Hodge number of type (0, 1) or admits a strongly Gauduchon metric as in Definition 4.18. Then X 0 is still Moishezon.
Proof. We deal with the Hodge number case first. Recall that any Moishezon manifold satisfies the ∂∂-lemma (cf. [28] or [8, Theorem 5.22] ) and thus follows the degeneracy of Frölicher spectral sequence at E 1 . So it satisfies the deformation invariance of all-type Hodge numbers by [47, Proposition 9.20] or also [38, Theorem 1.3] . By assumption, Grauert's continuity theorem [2, Theorem 4.12. (ii) of Chapter III] (or just Lemma 4.9 above) implies that R 2 π * O X over ∆ * is locally free. Then by using the fact that each of the Moishezon fiber X t admits a big line bundle L t , the Lebesgue negligibility argument in Subsection 3.2 leads to a section s ∈ Γ(∆, R 2 π * O X ) which arises from c 1 (L t ) and proves to be satisfying s| ∆ * = 0, and thus s = 0 by combining Propositions 4.12 and 4.5. So by Lefschetz Theorem 4.13 on (1, 1)-classes, there exists a holomorphic line bundle L on X such that for some t 0 ∈ ∆ * , the hermitian metric (L| Xt 0 ,h t 0 ) satisfies (4.9)
X(L| X t 0 ,ht 0 ,≤1)
where the hermitian metrich t 0 is obtained by the ∂∂-lemma on X t 0 such that Θ L| X t 0 ,ht 0 = Θ Lt 0 ,ht 0 . Under the deformation invariance of h 0,1 , we can also construct a holomorphic line bundle L ′ on X with L ′ | Xt 0 = L t 0 for this t 0 ∈ ∆ * as in Remark 3.7. However, for our purpose the equality c 1 (L| Xt 0 ) = c 1 (L| t 0 ) is sufficient as far as (4.9) is concerned. As for the second case, the argument of Theorem 4.22 by Bishop extension Theorem 4.20 and the assumption of strongly Gauduchon metric gives the desired holomorphic line bundle L on X with the same curvature integration property as (4.9) . Remark that with the integration condition above, one can avoid the use of Proposition 4.16; see below.
In summary, one obtains a holomorphic hermitian line bundle (L, h) on X and a hermitian metric on L t 0 := L| Xt 0 for some t 0 ∈ ∆ * such that (L t 0 , h t 0 := h| Xt 0 ) satisfies X(Lt 0 ,ht 0 ,≤1) √ −1 2π Θ Lt 0 ,ht 0 n > 0.
By Demailly's strong Morse inequality in Theorem 4.25, one has
and thus L t 0 is big. The difficulty here is that we have only one big line bundle L t 0 with t 0 ∈ ∆ * for the moment. Fortunately, for |t − t 0 | ≤ ǫ with some small constant ǫ > 0, one still has X(Lt,ht,≤1) √ −1 2π Θ Lt,ht n > 0.
By Demailly's strong Morse inequality again, one obtains that L t is big for |t − t 0 | ≤ ǫ. So Corollary 4.3 completes the proof.
As a direct corollary of Theorem 4.27, one obtains the following result.
Corollary 4.28. If the fiber X t := π −1 (t) for each t ∈ ∆ * is semi-positive Moishezon and the (0, 1)-Hodge number of X 0 satisfies the deformation invariance or admits a strongly Gauduchon metric as in Definition 4.18, then X 0 is Moishezon.
Proof. Here we give a second proof of Corollary 4.28, which seems of independent interest. By the proof of Theorem 4.27, there exist a holomorphic line bundle L on X and some τ ∈ B such that L τ := L| Xτ is semi-positive on the whole X τ and strictly positive at one point of X τ . The difficulty here is that the line bundle L τ is big only at one τ for the moment. By Berndtsson's solution of Grauert-Riemenschneider conjecture [5] , there exist c 0 , c 1 , · · · > 0 and some positive integer N such that for all k > N , there hold h q (X τ , L ⊗k τ ) < c q k n−q , for all 1 ≤ q ≤ n and h 0 (X τ , L ⊗k τ ) ≥ c 0 k n . For any m > N and 1 ≤ q ≤ n, let V m,q = {t ∈ ∆ : h q (X t , L ⊗m t ) ≥ c q m n−q } and V m = ∪ n q=1 V m,q . Then V m is an analytic subset of ∆ but not equal to ∆ since for m > N , t = τ is excluded from V m . So for m > N , V m is a discrete subset of ∆. Now set V = ∪ m>N V m , which is a countable subset of ∆, andṼ := ∆ \ V which is non-empty and uncountable. So forτ ∈Ṽ , one has h q (Xτ , L ⊗m τ ) < c q m n−q for each 1 ≤ q ≤ n and m > N . Thus by asymptotic Riemann-Roch Theorem 3.8 applied to L ⊗m τ , one obtains h 0 (Xτ , L ⊗m τ ) ≥ c 0 m n for all m > N , giving that Lτ is also big on Xτ , for allτ ∈Ṽ . We now apply Corollary 4.3 to complete the proof.
